Abstract: An optomechanical system combining a Coulomb interaction degree of freedom provides a unique platform for precision measurement of electrical charges via the optomechanically induced transparency. A new property of a second-order sideband in a double-oscillator optomechanical system is investigated beyond the conventional linearized description of optomechanical interaction. The results show that the single-second-order sideband will split into the double-second-order sideband under a weak driving field, and the separation of the split second-order sideband shows a strong dependence on the Coulomb coupling strength. Based on the current experimental conditions, such a Coulombinteraction-induced split of the second-order sideband may enable an all-optical sensor for precision measurement of the Coulomb coupling strength with lower power.
Introduction
Cavity optomechanical system [1] , [2] composed of an optical cavity and a mechanical oscillator has recently been the subject of extensive investigations, and many theoretical [3] - [6] and experimental [7] , [8] analyses have been done. Coherent interaction of radiation-pressure between an optical field and a mechanical oscillator can lead to quantum interference in the phonon excitation pathways . A prominent example observed in an optomechanical system is the phenomenon of optomechanically induced transparency (OMIT) [7] . The process of OMIT is that a control optical beam and a probe beam induce an anti-Stokes field produced from the scattering of light from the control field, which interferes with the excitation of an intracavity probe field, leading to a transparency window in the spectrum of the output field when a two-photon resonance condition is met. When this generic OMIT effect had first been observed in an optomechanical system, its related applications involve many areas of physics, including precision measurement [9] - [11] , manipulating of light propagation [12] , force sensor [13] , [14] , and photon (phonon) blocking [15] , [16] . In particular, the width of the transparency window in some special regions of the OMIT has a strong dependence on the charge number, which makes precision measurement of the charge number possible [17] . The force sensors based on the optomechanical interaction is usually carried out via the correlations between the measured quantities and output spectra. Some previous studies have shown that nonlinear interactions in the optomechanical system may provide measurement with higher precision [18] - [21] comparing with antecedent methods based on the linearized dynamics of the optomechanical interaction [17] , [22] .
The interaction between optical field and mechanical motion is intrinsically nonlinear [23] , [24] , [25] . Recently, nonlinear characteristics of optomechanical systems with multiple probe field driven have been proposed widely [26] , [27] , and significant spectral element of the second-order sideband generation has been analytically prognosticated [28] . Generally speaking, nonlinear effects should be much weaker than the linear counterpart [29] , however, this approach may allow measurement with power lower than the mechanism of OMIT, because measurement based on the conventional linearized optomechanical interaction exhibits a threshold value that the pump power must exceed it to work. Second-order sideband generation, by contrast, has no such restriction. The proposed mechanism therefore is especially suited for optomechanical devices under the weak driving field, where nonlinear optomechanical interaction in the weak coupling regime is within current experimental reach [30] .
It has been theoretically shown that electric interaction can be introduced to a quantum optoelectromechanical system [31] , where two charged nanomechanical resonators are electrostatically coupled via tunable Coulomb strength. The research shows that two transmission windows appear in such opto-electromechanical system due to the additional charged mechanical resonators, which causes the high dispersion in the probe transmission. Advantageously, the fast-and slow-light effects can be enhanced and mutual switched by controlling the Coulomb coupling strength in such opto-electromechanical system, which may pave the way toward real applications, such as optomechanical memory and telecommunication [32] , [33] .
In this article, a hybrid optomechanical system composed of one cavity mode and two charged mechanical modes is considered. Optomechanical nonlinearity between the cavity field and the mechanical oscillators is analytically researched in the presence of Coulomb interaction [19] . We show that the single-level structure of our system will split into double-configuration when the two charged oscillators couple with each other under the resonance condition, which mean that the single-second-order sideband will split into dual-second-order sideband. Especially, the separation of the split second-order sideband exhibits a remarkable Coulomb-coupling dependence, which enables a potentially practical scheme for precision measurement of Coulomb coupling strength beyond linearized dynamics. Advantageously, this form of inducing the splitting of second-order sideband does not rely on the pump power and could therefore be applied to previously inaccessible power regions such as the precision measurement of the Coulomb coupling strength under the weak driving field (0.1 μW) [17] .
The remainder of the paper is organized as follows. In Section 2, the theoretical description of the double oscillator optomechanical system and an analytical expression of the second-order sideband generation in the presence of Coulomb interaction is presented. In Section 3, the signatures of the split second-order sideband based on recent experimental parameters is numerically discussed. The feasibility of precision measurement of the Coulomb coupling strength between the two oscillators under the weak control field is discussed. Finally, a brief conclusion is summarized in Section 4.
Physical Pattern and Dynamical Equation
The physical pattern under investigation is a hybrid optomechanical system which consists of a high-Q Fabry-Pérot cavity and two charged mechanical oscillators MO 1 and MO 2 , respectively, with effective masses m 1 and m 2 , and angular frequencies ω 1 and ω 2 . The single-mode cavity field with eigenfrequency ω c couples to MO 1 via radiation pressure while MO 1 and MO 2 are coupled by the Coulomb interaction. As schematically shown in Fig. 1 , the Hamiltonian of this hybrid optomechanical system can be written as [17] :
The first (second) term describes the energy for the mechanical oscillator MO 1 (MO 2 ) withx 1 (x 2 ) andp 1 (p 2 ) being the position and momentum operators, respectively. The third term is the free Hamiltonian for the cavity with the annihilation (creation) operatorâ (â † ). The fourth term represents the interaction between the cavity and the mechanical oscillator MO 1 with a coupling strength G . H co = λx 1x 2 where λ = Q 1 Q 2 /(2π ε 0 r 3 0 ) [33] , [35] is the Coulomb coupling strength with ε 0 the vacuum permittivity, r 0 the distance between MO 1 and MO 2 , and Q 1 and Q 2 are the charges of MO 1 and MO 2 , respectively. Here, we need to note thatĤ co was reserved to second-order expansion in the case of r 0
are the amplitudes of the input field with P l and ω l , the power and frequency of the control field, and P p and ω p , the power and frequency of the prob field. κ is the total decay rate of the cavity field which contains an intrinsic loss rate κ o and an external loss rate κ ex . The coupling parameter η c = κ ex /κ describing the coupling between the pump and cavity field, is chosen to be the critical value 1/2. Based on the Hamiltonian (1), the Heisenberg-Langevin equations can be obtained to describe the evolution of the cavity fields and the properties of the charged mechanical oscillators [37] . In this article, we are interested in the mean response of the hybrid optomechanical system, so the operators can be reduced to their expectation value [38] , i.e., a(t) ≡ â(t) , x 1 (t) ≡ x 1 (t) , and x 2 (t) ≡ x 2 (t) , and then the Heisenberg-Langevin equations reduced to a group of nonlinear evolution equations [7] :
where
where γ 1 and γ 2 , respectively, are the decay rates of the charged mechanical oscillators MO 1 and MO 2 . Here, the quantum noise terms are dropped safely in the semiclassical approximation for their expectation values are zero [1] , [39] . In case of a weak probe field, we can linearize the optomechanical dynamic for the two mechanical displacements x 1 =x 1 + δx 1 and x 2 =x 2 + δx 2 and the intracavity field a =ā + δa around the steady-state valuex 1 ,x 2 andā, respectively. From (2), it follows immediately thatx 1 ,x 2 andā must full the self consistent equations (in a frame rotating ω l ):
, where¯ = c − Gx, with c = ω l − ω c is the detuning of the cavity field frequency with strong driven field frequency ω l . δa, δx 1 and δx 2 , therefore, obey the following nonlinear matrix equation:
T , = (1, 0, 0) T and the coefficient matrix
Equation (3) is a set of nonlinear equations. It has been demonstrated analytically [28] that the nonlinear terms −i G δaδx 1 and − G δa * δa lead to complex dynamics and novel spectral component at the second-order sideband generation.
Following the analytical perturbation method of describing second-order sideband generation, we introduce the nonlinear ansatz:
The higher-order frequency components, here, can be ignored due to the fact that these components contribute little to second-order sideband generation in the perturbative regime. Substitution of the nonlinear ansatz into (3) leads to six equations: three of them describe the conventional linearized optomechanical interactions and the other three equations describe the second-order sideband generation. The solution of the amplitude of second-order sideband can be obtained as:
, and
, are the conventional linearized description of the first-order sideband, where
.
The solution of second-order sideband generation (5) is made up of three terms: the first term is a direct second-order sideband, whose amplitude is proportional to G 2ā x 2 1 , arising from the two-phonon upconverted process of the control field. The second term is an upconverted first-order sideband generation and the last term arises from the coherence between the first-order sideband and the second-order sideband.
The output nonlinear field transmitted through the hybrid optomechanical system can be obtained by using the standard input-output relation s out = s in − √ η c κa, where s out is the output field operator. Then we have:
We can define a dimensionless quantity
that is, the ratio between the amplitude of the output field at second-order sideband and the amplitude of the probe field, as the efficiency of second-order sideband generation. Equation (7) shows that the efficiency of second-order sideband generation is Coulomb-interaction-dependent, where the Coulomb coupling strength λ plays a critical role in both processes of direct secondorder sideband generation and upconverted first-order sideband. Furthermore, the double charged mechanical oscillators in our scheme are quite different from the case of one charged mechanical oscillator. According to the coherent feature of nonlinear optomechanical interaction, the electric interaction in a single-charged-oscillator optomechanical system directly determines the efficiency of second-order sideband generation [19] while the electric interaction in a double-charged-oscillator optomechanical system will induce the split of second-order sideband.
Coulomb-Interaction-Induced Splitting of a Second-Order Sideband
In this section, a new signature of the second-order sideband generation induced by Coulomb interaction in a double-oscillator optomechanical system is discussed. To make the following results within experimental realizations, all the parameters are chosen based on the recent experiment and can be achieved under current technology [30] , [40] . The absorption and dispersion of second-order sideband η ≡ − √ η c κa + 2 /ε p under different Coulomb couplings are shown in Fig. 2 . It is seen that in the absence of the Coulomb coupling, i.e., λ = 0, there is a normal second-order sideband in the probe spectrum of the output field, which has two evident absorption peaks in the both sides of δ/ω 1 = 1, as shown in Fig. 2(a) . The single-second-order sideband was split into double-second-order sideband, in which there are four absorption peaks in the transmission spectrum of output field, in the presence of the Coulomb coupling λ = λ 0 , as shown in Fig. 2(c) . A interesting phenomena of this split second-order sideband is that there are three asymmetric transparency windows appearing in the probe spectrum while the double-OMIT just has two symmetric transparency windows. Such novel characteristic arising from the symmetric breaking of the destructive interference between the direct second-order sideband process and the upconverted first-order sideband process due to the Coulomb coupling between the charged oscillators MO 1 and MO 2 .
In what follows, a feature of the split second-order sideband under a weak driving field is explored. The efficiency of the second-order sideband generation η sec as a function of δ/ω l and the Coulomb coupling strength λ is shown in Fig. 3 . It is seen that the second-order sideband appears when the resonance condition δ/ω l = 1 is met without the Coulomb coupling. The second-order sideband with single frequency structure splits into two frequency structures when we consider the Coulomb coupling. As shown in Fig. 3 , as Coulomb coupling strength λ increases, the separation d of the split second-order sideband become larger. A previous study [17] has shown that the window widths in some special regions of the OMIT vary sharply with the charge number, which makes precious measurement of the charge number possible. In our scheme, the separation of the split secondorder sideband shows a strong dependence on the Coulomb interaction, which may be used to detect the value of the Coulomb coupling strength.
The Coulomb coupling between MO 1 and MO 2 will induce the split of the energy level and the separation d can be obtained as follow: The Hamiltonian of MO 1 and MO 2 as well as their interaction can be described asĤ rotating-wave approximation. We can get
In order to diagonalize the Hamiltonian, we define a diagonal matrix D = ω − 0 0 ω + and a transformation matrix Q = |q − |q + . Then the above Hamiltonian can be diagonalized aŝ
where B 1 and B 2 are the new dressed modes generated by the Coulomb coupling. With the definition:
we therefore have the expressions: J |q − = ω − |q − and J |q + = ω + |q + . Namely, Q and D are the eigenvectors and eigenvalues matrix of J , respectively. After solving the secular equation det(P − ωI) = 0, we can obtain the eigenfrequencies ω ± of the new dressed levels.
We can therefore obtain the relationship between the separation d and the Coulomb coupling strength λ as:
where the proportionality coefficient ℘ = x 10 x 20 /ω 1 . Namely, the separation of the split second-order sideband is determined by the inherent parameters of mechanical oscillators MO 1 and MO 2 and the value of Coulomb coupling strength λ. To see more details on the split of second-order sideband, we plot η sec varies with δ/ω 1 under different Coulomb coupling strength λ in Fig. 4 with the same experimental parameters. It is shown that the second-order sideband degenerates into a sharp peak (as red line shown) under the weak control field P l = 0.1μW in the absence of the Coulomb interaction. Because the probe field is almost completely absorbed near the resonance condition and then the first-order sideband reaches its minimum at δ = ω 1 [28] . The single-second-order sideband was split into double-second-order sideband when we consider the Coulomb interaction in our scheme, and the separation d is about 0.016 (as pink line shown) calculated by (10) It is necessary for us to analyze another parameter of the mechanical oscillator. The efficiency of second-order sideband generation η sec as function of δ/ω 1 under different mechanical oscillator frequency ω 2 is plotted in Fig. 6 . Comparing with the identical mechanical oscillator case (as the red solid shown), the second-order sideband just move rightward and leftward (as the green dot-dashed and blue dotted lines shown) in the case of ω 2 = 0.9ω 1 and ω 2 = 1.1ω 1 , respectively. The physical mechanism for this phenomenon is that the oscillators MO 1 and MO 2 will couple with each other when the resonance condition ω 1 = ω 2 is reached. The single-configuration constructed by the optical and mechanical modes will split into double-configuration, and the eigenfrequencies of the new dressed level as the (10) shown. However, when two vibrators deviating from the resonance condition, MO 1 and MO 2 cannot completely couple with each other and then the MO 2 may be regarded as a tiny disturbance of the optomechanical system. This enlighten us that the ideal frequency parameters of MO 1 and MO 2 are ω 1 = ω 2 when we investigate the splitting of secondorder sideband.
Conclusion
In summary, a novel feature of second-order sideband induced by Coulomb interaction in a doubleoscillator optomechanical system is identified. We found that the single-second-order sideband will split into double-second-order sideband when we consider the Coulomb coupling in our scheme. The separation d of the split second-order sideband is determined by the Coulomb coupling strength and the inherent parameters of mechanical oscillator, which may enable an attractive device for the precision measurement of Coulomb coupling strength. Using exact the same parameters with previous work based on the conventional linearized optomechanical interaction, our results shows that the nonlinear optical sensor based on the split of second-order sideband exhibits a great advantage comparing with the linearized case under the weak driving field.
